Lecture Notes & Examples 5.1
" Section 5.1 - Randomness, Probability & Simulation (pp. 287-299) y

1. The Idea of Probability

Random samples and randomized experiments
Avoid bias by allowing chance to decide what individuals get selected.

“Chance behavior is unpredictable in the short run but has a regular and predictable pattern in the long run.
e This is the basis for probability.
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Application - Random Babies

Suppose a stork randomly delivers four babies to four different houses. We are going to simulate this situation and
count the number of correct deliveries.
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Plot the proportion of proportion of trials where there were 0 matches. What are we observing when we run the
simulation a large number of time
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N of e fact that the proportion of trials that had no babies delivered to the right house converges
0 0.375 is guaranteed by the law of large numbers. Thisiresult hatii
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What implications does this have on sampling design and experimental design?
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Definition: The probability of any outcome of a chance process is a number between 0 and 1 that
describes the proportion of times the outcome would occur in a very long series of repetitions.
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Example. How much should a company charge for an extended warranty for a specific type of cell phone? Suppose that
5% of these cell phones under warranty will be returned, and the cost to replace the phones is $150. If the company
knew which phones would go bad, it could charge $150 for these phones and S0 for the rest. However, since the
company cannot know which phones will be returned but knows that about 1 in every 20 will be returned. How much
should they charge for the extended warranty?
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Other examples:
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Example: The probability of getting a sum of 7 when rolling two dice is 1/6. Interpret this value.
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Example: Athletes are often tested for use of performance-enhancing drugs. Drug tests aren’t perfect, they sometimes
say that an athlete took a banned substance when that isn’t the case (a “false positive”). Other times, the test concludes
that the athlete is “clean” when he or she actually took a banned substance (a “false negative”). For one commonly
used drug test, the probability of a false negative is 0.03. Interpret this probability.
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Example: In the popular Texas hold’em variety of poker, players make their best five-card poker hand by combining the
two cards they are dealt with three of five cards available to all players. You read in a book on poker that if you hold a
pair (two cards of the same rank) in your hand, the probability of getting four of a kind is 88/1000

a) Explain what this probability means.
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b) Why doesn’t this probability say that if you play 1000 such hands, exactly 88 will be four of a kind?
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CHECK YOUR UNDERSTANDING

1. According to the “Book of Odds,” the probability that a randomly selected U.S. adult usually eats breakfast
is 0.61.

(a) Explain what probability 0.61 means in this setting.
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(b) Why doesn’t this probability say that if 100 U.S. adults are chosen at random, exactly 61 of them usually
eat breakfast?
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2. Probability is a measure of how likely an outcome is to occur. Match one of the probabilities that follow with each
statement. Be prepared to defend your answer. 00.01 0.3 0.6 0.99 1

(a) This outcome is impossible. It can never occur.
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b) This outcome is certain. It will occur on every trial.
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(c) This outcome is very unlikely, but it will occur once in a while in a long sequence of trials.
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whvsﬂabou‘t andomness {he idea of probability seems straightforward. It answers the question “What would
happen if we did this many times?” In fact, both the behavior of random phenomena and the idea of probability are a

blt subtle We meet chance behavior constantly, and psychologists tell us we deaI with |t poorly Unfortunately, our
i rt u,n When

1. The Myth of Short-Term Regularity’

Myth: Random phenomena is predictable in the short run =
Truth: Patterns are very common in the short run

Example — Runs in Coin Tossing

Toss a coin six times and record heads (H) or tails (T) on each toss. Which of the following outcomes is more probable?
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» ryon HT : HHH doe %I fact,‘both are equally
ilikely. That head are equally probable says only that about half of a very long sequénce of tosses will be heads.
It doesn’t say that heads and tails must come close to alternating in the short run. The coin has no memory. It doesn’t
know what past outcomes were, and it can’t try to create a balanced sequence.

The outcome TTTHHH in tossing six coins looks unusual because of the runs of 3 straight tails and 3 straight heads. Runs
seem “not random” to our intuition but are quite common.

Example: Roll a die 12 times and record the result of each roll. Which of the following outcomes is more probable?

123456654321 154524336126
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Application - Suppose that a basketball announcer suggests that a certain player is streaky. That is, the announcer
believes that if the player makes a shot, then he is more likely to make his next shot. As evidence, he points to a recent
game where the player took 30 shots and had a streak of 7 in a row. Is this evidence of streakiness or could it have
occurred by chance? Assuming the player makes 50% of his shots and the results of a shot do not depend on previous
shots, how likely is it for the player to have a streak of 7 or more made shots in a row?

Solution (4 Step Process):
1. State - How likely is it for the player to have a streak of 7 or more made shots in a row?

2. Plan - Use the random number generator on the calculator to generate 30 random Os and 1s. 0 = misses shot,
1 = makes shot. Record the outcome of each trial. Record the longest streaks on a dot plot.
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When the shooter in the dice game, craps, rolls several winners in a row, some gamblers think she has a “hot hand” and
bet that she will keep on winning. Others say that “the law of averages” means that she must now lose so that wins and
losses will balance out. Believers in the law of averages think that if you toss a coin six times and get TTTTTT, the next
toss must be more likely to give a head. It’s true that in the long run heads will appear half the time.

Don’t confuse the law of large numbers, which describes the bigidea of probability, with the “law of averages”
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What is a myth is that future outcomes must make up for an imbalance like six straight tails. Coins and dice have no
memories. A coin doesn’t know that the first six outcomes were tails, and it can’t try to get a head on the next toss to
even things out. Of course, things do even out in the long run. That’s the law of large numbers in action. After 10,000
tosses, the results of the first six tosses don’t matter. They are overwhelmed by the results of the next 9994 tosses.
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Example: To pass the time during a long drive, you and a friend are keeping track of the makes and models of cars that
pass by in the other direction. At one point, you realize that among the last 20 cars, there hasn’t been a single Ford.
(Currently, about 16% of cars sold in America are Fords). Your friend says, “The law of averages says that the next car is
almost certain to be a Ford.” Explain to your friend what he doesn’t understand about probability.
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3. Simulations - The application that we just conducted is called a simulation. In fact, the vaunted Hyena Problem on
day 1 was a simulation. To perform a simulation, we are going to use the venerable 4 Step Process.

Simulation: The imitation of chance behavior, based on a model that accurately reflects the situation.
It is used to estimate probabilities when they are difficult to calculate theoretically.

Performing a Simulation
1. State - What is the question of interest about some chance process?

2. Plan - Describe how to use a chance device to imitate one repetition of the process. Explain clearly how to
identify the outcomes of the chance process and what variable to measure.

3. Do - Perform many repetitions of the simulation. (At least 30.)

4. Conclude - Use the results of the simulation to answer the question of interest.
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Examples of 4-Step Process

Refer to the table on p. 290
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Example — Golden Ticket Parking Lottery
Simulations with a Table of Random Digits

At a local high school, 95 students have permission to park on campus. Each month, the student council holds a “golden
ticket parking lottery” at a school assembly. The two lucky winners are given reserved parking spots next to the school’s
main entrance. Last month, the winning tickets were drawn by a student council member from the AP Statistics class.
When both golden tickets went to members of that same class, some people thought the lottery had been rigged. There
are 28 students in the AP Statistics class, all of whom are eligible to park on campus. Design and carry out a simulation to
decide whether it’s plausible that the lottery was carried out fairly.

STATE: What's the probability that a fair lottery would result in two winners from the AP Statistics class?

PLAN: We'll use table D to simulate choosing the golden ticket lottery winners. Since there are 95 eligible students in the
lottery, we'll label the students in the AP Statistics class from 01 to 28, and the remaining students from 29 to 95.
numbers from 96 to 00 will be skipped. Moving left to right across the row, we’ll look at pairs of digits until we come
across two different labels from 01 to 95. the two students with these labels will win the prime parking spaces. We will
record whether both winners are members of the AP Statistics class (Yes or no)

DO: let’s perform many repetitions of our simulation. We’ll use table D starting at line 139. the digits from that row are
shown below. We have drawn vertical bars to separate the pairs of digits. Underneath each pair, we have marked a V if
the chosen student is in the AP Statistics class, x if the student is not in the class, and “skip” if the number isn’t between
01 and 95 or if that student was already selected. (note that if the consecutive “70” labels had been in the same
repetition, we would have skipped the second one.)
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In the first 9 repetitions, the two winners have never both been from the AP Statistics class. But 9 isn’t many
repetitions of the simulation. Continuing where we left off,
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So after 18 repetitions, there have been 3 times when both winners were in the AP Statistics class. If we keep going for
32 more repetitions (to bring our total to 50), we find 30 more “no” and 2 more “Yes” results. all totaled, that’s 5 “Yes”
and 45 “no” results.

CONCLUDE: In our simulation of a fair lottery, both winners came from the AP Statistics class in 10% of the repetitions.
So about 1 in every 10 times the student council holds the golden ticket lottery, this will happen just by chance. It seems
plausible that the lottery was conducted fairly.

AP EXAM TIP On the AP exam, you may be asked to describe how you will perform a simulation using rows of random
digits. If so, provide a clear enough description of your simulation process for the reader to get the same results you did
from only your written explanation.

In the previous example, we could have saved a little time by using randInt(1, 95)repeatedly instead of a table of random
digits (so we wouldn’t have to worry about numbers 96 to 00).We'll take this alternate approach in the next example.



Example — NASCAR Cards and Cereal Boxes
Simulations with technology

In an attempt to increase sales, a breakfast cereal company decides to offer a NASCAR promotion. Each box of cereal will
contain a collectible card featuring one of these NASCAR drivers: Jeff Gordon, Dale Earnhardt, Jr., Tony Stewart, Danica
Patrick, or Jimmie Johnson. The company says that each of the 5 cards is equally likely to appear in any box of cereal. A
NASCAR fan decides to keep buying boxes of the cereal until she has all 5 drivers’ cards. She is surprised when it takes
her 23 boxes to get the full set of cards. Should she be surprised? Design and carry out a simulation to help answer this
question.

STATE: What is the probability that it will take 23 or more boxes to get a full set of 5 NASCAR collectible cards?

PLAN: We need five numbers to represent the five possible cards. let’s let 1 = Jeff Gordon, 2 = Dale earnhardt, Jr., 3 =
tony Stewart, 4 = Danica Patrick, and 5 = Jimmie Johnson. We’ll use randInt(1,5) to simulate buying one box of cereal
and looking at which card is inside. In the golden ticket lottery example, we ignored repeated numbers from 01 to 95
within a given repetition. That's because the chance process involved sampling students without replacement. In the
NASCAR example, we allowed repeated numbers from 1 to 5 in a given repetition. That’s because the chance process of
pretending to buy boxes of cereal and looking inside could have resulted in the same driver’s card appearing in more
than one box. Since we want a full set of cards, we’ll keep pressing enter until we get all five of the labels from 1 to 5.
We'll record the number of boxes that we had to open.

DO: It’s time to perform many repetitions of the simulation. Here are our first few results:

IASCAR (ersa problem Dot Pt b

CONCLUDE: We never had to buy more than 22 boxes to get the full set of NASCAR drivers’ cards in 50 repetitions of our
simulation. So our estimate of the probability that it takes 23 or more boxes to get a full set is roughly 0. The NASCAR
fan should be surprised about how many boxes she had to buy.



Example: On her drive to work every day, Sara passes through an intersection with a traffic light. The light has a
probability 1/3 of being green when she gets to the intersection. Explain how you would use each chance device to
simulate whether the light is green or not green on a given day.

A) A six-sided die.
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B) Table D of random digits
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Example:

Suppose | want to choose a simple random sample of size 6 from a group of 60 seniors and 30 juniors. To do this, | write
each person’s name on an equally sized piece of paper and mix them up in a large grocery bag. Just as|am about to
select the first name, a thoughtful student suggests that | should stratify by class. | agree, and we decide it would be
appropriate to select 4 seniors and 2 juniors. However, since | already mixed up the names, | don’t want to have
separate them all again. Instead, | will select names one at a time from the bag until | get 4 seniors and 2 juniors. This
means, however, that | may need to select more than 6 names (e.g. | may get more than 2 juniors before | get the 4
seniors). Design and carry out a simulation to estlmate the probablllty that you must draw 8 or more names to get 4
seniors and 2 juniors.
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Application - At a department picnic, 18 students in the mathematics/statistics department at a university decide to play
a softball game. Twelve of the 18 students are math majors and 6 are stats majors. To divide into two teams of 9, one
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of the professors put all the players’ names into a hat and drew out 9 players to form one team, with the remaining 9
players forming the other team. The players were surprised when one team was made up entirely of math majors. Is it
possible that the names were not adequately mixed in the hat, or could this have happened by chance? Design and carry
out a simulation to help answer this question.
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